Abstract. Hartley asked the following question: Is the centralizer of every finite subgroup in a simple non-linear locally finite group infinite? We answer a stronger version of this question for finite K-semisimple subgroups. Namely let G be a non-linear simple locally finite group which has a Kegel sequence K ¼ fðG i ; 1Þ : i A Ng consisting of finite simple subgroups. Then for any finite subgroup F consisting of K-semisimple elements in G, the centralizer C G ðF Þ has an infinite abelian subgroup A isomorphic to a direct product of Z pi for infinitely many distinct primes p i .
Introduction
We are interested in the following problem of B. Hartley. Is the centralizer of every finite subgroup in a simple non-linear locally finite group infinite? This question is answered positively for cyclic subgroups in [6, Theorem A2] , for any infinite locally finite simple group, namely in an infinite locally finite simple group the centralizer of every element is infinite.
The counterpart of this question, whether the centralizer of every finite subgroup in a simple non-linear locally finite group involves an infinite non-linear simple group, was resolved negatively by Meierfrankenfeld. He showed in [11, Corollary 7] that, for a given non-empty set P of primes, there exists a non-linear, locally finite simple group G such that (i) The centralizer of every non-trivial P-element has a locally soluble P-subgroup of finite index.
(ii) There exists an element whose centralizer is a locally soluble P-group.
In particular in the above groups there are elements whose centralizers cannot involve even finite non-abelian simple groups.
A stronger version of Hartley's question is: Determine all non-linear simple locally finite groups in which the centralizer of every finite subgroup has an abelian subgroup isomorphic to a direct product of cyclic groups of order p i for infinitely many distinct prime p i . It is a well known theorem of Hall and Kulatilaka that every infinite locally finite group contains an infinite abelian subgroup [4] . Observe that a stronger version of the Hall-Kulatilaka Theorem is true here, namely, C G ðF Þ has an infinite abelian subgroup which has elements of order p i for infinitely many distinct primes p i .
Some of the questions about infinite locally finite simple groups can be reduced to questions about countably infinite locally finite simple groups by [9, Theorem 1.L.9 and Theorem 4.4]. The question of whether the centralizer of a finite subgroup has an abelian subgroup containing elements of order p i for infinitely many distinct primes is one such question. Since a non-linear simple locally finite group contains a countable non-linear locally finite simple group, if countable ones have the above property, then every non-linear one has the property. Therefore we confine ourselves to countable locally finite simple groups. By [9, Theorem 4.5] for every countably infinite locally finite simple group there exists a Kegel sequence K ¼ ðG i ; N i Þ where the G i 's form a tower of finite subgroups of G satisfying G ¼ 6 y i¼1 G i , N i p G i , such that G i =N i is a finite simple group and G i V N iþ1 ¼ 1 for each i. By [9, Theorem 4.6] , if G is an infinite linear locally finite simple group one can always choose an infinite subsequence ðG j ; N j Þ such that N j ¼ 1 for all j. By using the classification of finite simple groups one can find that every locally finite simple group is either linear or G i =N i are all alternating or a fixed type of classical linear group over various fields with unbounded rank parameter. See [6] for more details about Kegel sequences.
We answer the stronger version of Hartley's question for finite K-semisimple subgroups of simple non-linear locally finite groups. Definition 1.1. Let G be a countably infinite simple locally finite group and F a finite subgroup of G. The group F is called a K-semisimple subgroup of G if G has a Kegel sequence K ¼ fðG i ; M i Þ : i A Ng such that ðjM i j; jF jÞ ¼ 1, M i is soluble for all i and, if G i =M i is a linear group over a field of characteristic p i , then ðp i ; jF jÞ ¼ 1. Theorem 1.2. Let G be a non-linear simple locally finite group which has a Kegel sequence K ¼ fðG i ; 1Þ : i A Ng consisting of finite simple subgroups. Then for any finite K-semisimple subgroup F , the centralizer C G ðF Þ has an infinite abelian subgroup A isomorphic to the restricted direct product of Z p i for infinitely many distinct primes p i .
Recall that a representation f of a finite group G on a vector space V over a field F is said to be absolutely irreducible provided the extended representation f L of G on V L =L is irreducible for every extension field L of F . Moreover, a field F with the property that, every irreducible representation f of G on a vector space V =F is absolutely irreducible is called a splitting field for G [3, p. 64] .
For the second question, in view of the above counterexample of Meierfrankenfeld, we prove, under an assumption about the fields over which the simple groups of classical type are defined, that the centralizer of every finite K-semisimple subgroup involves an infinite simple group. Recall that a group X involves a group H, if X has subgroups A and B such that B p A and A=B G H. Theorem 1.3. Let G be a non-linear simple locally finite group which has a Kegel sequence K ¼ fðG i ; 1Þ : i A Ng consisting of finite simple subgroups G i . Let F be a finite K-semisimple subgroup of G and let L i be the inverse image of F inĜ i G i , the inverse image of G i in the corresponding universal central extension group. Then C G ðF Þ involves an infinite simple non-linear locally finite group provided that, for all i A N, k i is a splitting field for L i , where k i is the finite field over which the simple group G i of Lie type is defined. Now, we may extend Theorem 1.3 for K-semisimple subgroups in non-linear simple locally finite groups with N i are not necessarily trivial. Corollary 1.4. Let G be a non-linear simple locally finite group and let K ¼ fðG i ; N i Þ : i A Ng be a Kegel sequence of G. Then for any finite K-semisimple subgroup F , the centralizer C G ðF Þ has elements of order p i , for infinitely many distinct primes p i . In particular C G ðF Þ is infinite.
In order to answer Hartley's question for linear simple locally finite groups, we start with the definition of a d-abelian subgroup of a simple linear algebraic group: Definition 1.5. Let G be a simple linear algebraic group. A finite abelian subgroup A consisting of semisimple elements in G is called a d-abelian subgroup if one of the following holds:
(i) the root system associated with G has type A l , and the Hall p-subgroup of A is cyclic where p is the set of primes dividing l þ 1.
(ii) the root system associated with G has type B l , C l , D l or G 2 and the Sylow 2-subgroup of A is cyclic.
(iii) the root system associated with G has type E 6 , E 7 or F 4 and the Hallf2; 3g-subgroup of A is cyclic.
(iv) the root system associated with G has type E 8 and the Hall-f2; 3; 5g-subgroup of A is cyclic. Theorem 1.6. Let G be a simple locally finite group of Lie type defined over an infinite locally finite field K of characteristic p. Let A be a finite d-abelian subgroup of G. Then C G ðAÞ contains an abelian subgroup which has infinitely many elements of distinct prime orders.
This answers Hartley's question for centralizers of finite d-abelian subgroups in simple locally finite linear groups.
We will use Zsigmondy's Theorem for primitive prime factors. Recall that a prime p is called a primitive prime factor of a n À b n (respectively a
Lemma 1.7 (Zsigmondy [17] ). If a > b d 1 and gcdða; bÞ ¼ 1, then a n À b n has a primitive prime factor unless
(ii) a À b is a power of 2 and n ¼ 2.
Similarly, if a > b d 1, then every number a n þ b n has a primitive prime factor unless
Now we recall the definition of the group theoretical classes T n and T n; r given in [6] .
Definition. T n; r consists of all groups (not necessarily locally finite) having a series of finite length in which at most n factors are non-abelian simple and the rest are soluble groups, the sum of whose derived lengths is at most r.
Definition. T n consists of all locally finite groups having a series of finite length in which there are at most n non-abelian simple factors and the rest are locally soluble. (ii) If ½N; G; G . . . ; G ¼ 1 with a finite number of terms of G and C A T n (respectively T n; r ), then C G ðAÞ A T n (respectively T n; r ).
In the next result, if = is a class of groups, then L= denotes the class of all groups in which every finite set of elements belongs to some =-subgroup. 
3). (i)
If G A LT n; r , then G has a finite series of length at most 2n þ 1, the factors of which comprise at most n, non-abelian simple groups, at most n þ 1 soluble groups of derived length at most r, and no others.
(ii) LT n ¼ T n .
Proof of Theorem 1.6. Let G be a simple locally finite group of Lie type defined over an infinite locally finite field K of characteristic p. Then, by [6, Theorem 4.3] , there exists a simple linear algebraic group G of adjoint type, a Frobenius map s on G and an infinite sequence of integers n i jn iþ1 for i A f1; 2; 3; . . .g such that G ¼ 6 Write A as a direct product of cyclic groups A i of order n i . Let r be the number of n i 's not prime to all the torsion primes. Recall that the torsion primes of linear algebraic groups are: for type A l the primes that divide l þ 1, for type B l , C l , D l , G 2 the prime 2, for type E 6 , E 7 , F 4 the primes 2 and 3, and for type E 8 the primes f2; 3; 5g; see [15] . In each of the above cases observe that for our d-abelian group A we have r ¼ 1: Since A is finite, A 0 ¼ 1 and A V ZðGÞ 
Hence, for each i; by Lemma 1.7, we have a primitive divisor of q n i À 1 or q n i þ 1. Hence there are distinct elements of distinct prime order for each i and they are contained in the abelian group T. Moreover these elements generate an abelian subgroup C such that C c C H ðAÞ and C is isomorphic to a direct product of infinitely many cyclic groups of order p i for distinct primes p i .
The orders of maximal tori for exceptional groups are given in [8] but for the orders of T i ; for exceptional groups Zsigmondy's theorem can not be applied directly. But thanks to the results of Satake and Ono [ 
i À 1 and again we can apply Zsigmondy's theorem. Hence the result follows as above.
It follows that there are infinitely many elements of distinct prime orders which are contained in C H ðAÞ ¼ 6 C H i ðAÞ. r If G is an infinite locally finite simple group of Lie type, then the structure of the centralizer of a finite abelian subgroup A which is a direct product of cyclic groups of order n i necessarily depend on the number of the torsion primes dividing n i . If A is d-abelian, by Theorem 1.6, the group C G ðAÞ contains infinitely many elements of distinct prime orders. The following example shows that for every n, there exists a non d-abelian subgroup of order n 2 in PSL n ðF p Þ whose centralizer is equal to itself, where F p denotes the algebraic closure of the finite field of characteristic p. So the d-abelian assumption in Theorem 1.6 is necessary.
An elementary example is the following. Let G ¼ A 1 ðKÞ be the adjoint group and let K be an algebraically closed field of odd characteristic. Let l 2 ¼ À1, 
. . .
Then there are elements yZ in C G ðxZÞnC G ðxZÞ 0 of order n such that C G ðhxZ; yZiÞ ¼ hxZ; yZi and hence jC G ðhxZ; yZiÞj ¼ n 2 .
Proof. The element
I g with l a primitive n-th root of unity.
Since xZ is a regular semisimple element C G ðxZÞ 0 ¼ T: The normalizer N G ðTÞ contains C G ðxZÞ and C G ðTÞ ¼ T.
Observe that ½C G ðxÞ :
Therefore, l k ¼ 1. It follows that k ¼ n and jyZj ¼ n. Since C G ðxÞ 0 ¼ T and C G ðxÞ c N G ðTÞ, the element yZ induces an element w of order n in N G ðTÞ=T, namely the Weyl group.
Since ½xZ; yZ ¼ Z, the abelian subgroup A ¼ hxZ; yZi is isomorphic to Z n Â Z n . Here, C T ðyZÞ ¼ C C G ðxÞ 0 ðyZÞ is a subgroup of index at most n in C G ðAÞ. Since the primes dividing n are torsion primes, A is not d-abelian (i.e. r ¼ 2).
Our aim is to show that C T ðyZÞ has order n. Since yZ induces an element w A W , we will consider C T ðwÞ. Consider the maximal torus
The maximal tori T and T 0 are conjugate by an element h A G. Now,
0 is an element of order n in the Weyl group such that C T ðwÞ G C T 0 ðw 0 Þ. So we may consider T 0 . Now for
we have
By Theorem 1.5 we know that centralizers of finite d-abelian subgroups in simple linear groups contain an infinite abelian subgroup which contains infinitely many elements of distinct prime order. Now if A is not abelian, but the rank is big enough, then we prove that C G ðAÞ contains a subgroup isomorphic to PSL r ðkÞ and hence it has an abelian subgroup containing elements of prime order p i for infinitely many distinct prime p i . Theorem 1.11. Let G ¼ PSL n ðkÞ where k is a locally finite field of characteristic p, and let F be a finite subgroup consisting of semisimple elements of G. If n > ðr À 1ÞjF j 2 þ 1, then the centralizer of F in G contains a subgroup isomorphic to PSL r ðkÞ.
Proof. Let
By Cli¤ord's Theorem (see [16, Theorem 1.7] ), V j Z is a direct sum of irreducible k½Z-modules each of dimension one, and V can be written as a direct sum of homogeneous components. Since Z is the center of SL n ðkÞ, there exists only one homogeneous component. Hence there is a unique one dimensional k½Z-module W .
Let X be an irreducible k½L-module. Then X j Z is a direct sum of irreducible modules isomorphic to W . Hence, Hom Z ðX Z ; W Þ 0 0. Let W L be the induced k½L-module. Now, by Nakayama's Frobenius Reciprocity Theorem (see [7, V.16 .6]), we have Hom L ðX ; W L Þ 0 0. From this, it follows that X can be embedded into W L . The number of irreducible k½L-modules is less than or equal to the number of irreducible modules in W L . Since W is unique, the number of irreducible modules is less than or equal to the dimension of W L and dimðW L Þ ¼ jF j. Hence, the number of distinct irreducible k½L-modules is less than or equal to jF j and the dimension of each irreducible k½L-module is less than or equal to jF j. Hence V contains at most jF j isomorphism types of components, each of dimension at most jF j.
Therefore, if n > ðr À 1ÞjF j 2 þ 1, then at least one of the irreducible components of L repeats r-times. Choosing the basis of V suitably we may say that at least the first r blocks repeat and the group of linear transformations isomorphic to SL r ðkÞ acts on these blocks. And it is a subgroup of C SL n ðkÞ ðLÞ. Therefore, PSL r ðkÞ is isomorphically contained in C PSL n ðkÞ ðF Þ. r
The following consequence of Theorem 1.11 shows that if F is a finite subgroup consisting of semisimple elements in G ¼ PSL n ðkÞ where n is su‰ciently large, then C G ðF Þ contains infinitely many commuting elements of distinct prime order. Note that in Corollary 1.12, F need not be abelian. Corollary 1.12. Let G ¼ PSL n ðkÞ over an infinite locally finite field k of characteristic p, and let F be a finite subgroup consisting of semisimple elements of G. If n > jF j 2 þ 1, then the centralizer of F in G has an infinite abelian subgroup A isomorphic to Dr p i Z p i for infinitely many distinct primes p i .
Proof. Let G ¼ A nÀ1 ðkÞ over an infinite locally finite field k of characteristic p, and let F be a finite subgroup consisting of semisimple elements of G with n > jF j 2 þ 1. By Theorem 1.11 the group C PSL n ðkÞ ðF Þ contains a subgroup isomorphic to PSL 2 ðkÞ. Proof. Let p i denote the i-th prime. We construct infinite ascending sequences of finite subgroups C i and A i such that A i c C i and for every prime p i ; the groups C i and A i have an element r i of order p i in C G ðF Þ.
Then the diagonal subgroup of it is isomorphic to
Let C 0 ¼ F and A 0 ¼ 1. Assume that C i and A i are already constructed. Then there exists n i A N such that C i c Altðn i Þ c G. The subgroup C i is contained in Altðn iþk Þ for every k d 1 and C i acts on the set W n iþk where jW n iþk j ¼ n iþk . Since the number of inequivalent transitive permutation representations of C i is equal to the number of conjugacy classes of subgroups of C i , by choosing k su‰ciently large, we may assume that the orbits of C i on W n iþk can be written as
where on each O i the group C i gives equivalent transitive permutation representations in W n iþk . Let w j be a fixed element in O j corresponding to the stabilizer of a point which gives the equivalent representation of C i . Now, let r iþ1 ¼ ð1 2 3 . . . p iþ1 Þ and let r iþ1 be the image of r iþ1 in Altðn iþk Þ, and r iþ1 fixes O 0 elementwise. Then for any c A C i , we have w j :cr iþ1 ¼ w j:r iþ1 :c. It is clear that for any x A C i we have x:r iþ1 ¼ r iþ1 :x. Let C iþ1 ¼ hF ; r 1 ; . . . ; r iþ1 i and A iþ1 ¼ hr 1 ; . . . ; r iþ1 i. Then the union A ¼ 6 A i is the required abelian subgroup which is isomorphic to the direct product of Z p i for all primes p i . r Hall's universal group and the groups constructed in [9, Chapter 6] are direct limits of alternating groups. Therefore they satisfy the properties in the assumptions of Theorem 2.1. There it is shown that there are uncountably many non-isomorphic, infinite locally finite simple groups that are direct limits of finite alternating groups. Then Theorem 2.1 gives information about the structure of the centralizers of all finite subgroups of that class of groups in [9, Chapter 6].
Corollary 2.2. Let G be a non-linear locally finite simple group and let F be a finite subgroup of G with a Kegel sequence K ¼ fðG i ; N i Þ : i A Ng with G i =N i isomorphic to Altðn i Þ for all i A N and ðjF j; jN i jÞ ¼ 1. Then C G ðF Þ has elements of order p i for all primes p i . In particular jC G ðF Þj is infinite.
Proof. We may assume that F c G 1 . Then by Theorem 2.1 there exists n 1 such that C G n 1 =N n 1 ðFN n 1 =N n 1 Þ G C G n 1 ðF ÞN n 1 =N n 1 contains an element of order p 1 . Then C G n 1 ðF Þ contains an element r 1 of order p 1 . Similarly for p 2 ; there exists n 2 ; such that C G n 2 =N n 2 ðFN n 2 =N n 2 Þ contains an element of order p 2 and hence C G n 2 ðF Þ contains an element r 2 of order p 2 . Continuing like this, for each prime p i , the group C G ðF Þ contains elements of order p i . r Proof of Theorem 1.2. If all the groups G i G Altðn i Þ, then the result follows from Theorem 2.1. So we may assume that all the groups in K are of classical type. Since G is non-linear, the rank parameter of the groups in K is unbounded. Then we may assume that all G i 's are of the same fixed classical type, and the rank parameter is increasing.
For the characteristic of the fields where G i is defined, we have the following: If the number of primes which appear as characteristic is finite, then if necessary, by deleting some of the terms of the Kegel sequence K we may assume that there exists a prime p such that all the G i 's are defined over a fixed prime p. If infinitely many primes occur as characteristic, we may delete the repeating ones and assume that each G i is defined over di¤erent characteristic.
Hence, we have two cases:
(i) All the groups in the Kegel sequence are defined over a field of characteristic p; for a fixed prime p.
(ii) All the groups are defined over di¤erent characteristics.
Case 1 for groups of type A l . Here, the G i 's are PSL n i ðk i Þ, where the n i 's are increasing and the k i 's are of characteristic p for all i A N. Let F be a finite subgroup of G consisting of semisimple elements of G i for all i. We may assume that F c G 1 . We will construct an abelian subgroup A c C G ðF Þ such that A is isomorphic to a direct product of cyclic subgroups of order p i for infinitely many distinct primes p i . For this, we start with T 0 ¼ F . We work as in Theorem 1.11. Since F consists of semisimple elements of PSL n i ðk i Þ, the inverse image of F in SL n i ðk i Þ also consists of semisimple elements.
. .g be the set of all primes except the prime p. By Theorem 1.11, by choosing n 1 > ð p 1 À 1ÞjF j 2 þ 1, we find an isomorphic copy of PSL p 1 ðk 1 Þ in C PSL n 1 ðk 1 Þ ðF Þ. Then, let g 1 be an element in PSL p 1 ðk 1 Þ of order p 1 . Now, let T 1 ¼ hg 1 ; F i and A 1 ¼ hg 1 i. Since p 1 and jF j are relatively prime with p, T 1 consists of semisimple elements in G 2 G PSL n 2 ðk 2 Þ. Assume T iÀ1 is already constructed. If we choose n i > ðp i À 1ÞjT iÀ1 j 2 þ 1, we can find a subgroup isomorphic to f1; 2; 3; . . .g.
Case 2 for groups of type A l . In this case infinitely many distinct primes occur as characteristics of the fields k i 's where G i G PSL n i ðk i Þ. Then every finite subgroup F of G is K-semisimple. Indeed, if F is a finite subgroup of G, since the number of primes dividing jF j is finite, we may delete the terms of the Kegel sequence K; in which the characteristic of the field divides jF j and assume that F consists of semisimple elements of G i for every G i A K.
Let, as before, T 0 ¼ F and A 0 ¼ I . Assume T iÀ1 and A iÀ1 are already constructed. Here, if we choose n i > jT iÀ1 j 2 þ 1, we can find a subgroup isomorphic to PSL 2 ðk i Þ in C G i ðT iÀ1 Þ where charðk i Þ ¼ q i . Since q i divides jPSL 2 ðq i Þj, then there exists an element g i of order q i in C G n i ðT iÀ1 Þ c C G n i ðF Þ. Then T i ¼ hg i ; T iÀ1 i consists of semisimple elements of G iþ1 . Again, continuing like this, we obtain the chains of groups
Here, A i ¼ hg 1 ; . . . g i i is the abelian subgroup which commutes with F . Now, A ¼ 6 y i¼1 A i is an infinite abelian subgroup contained in C G ðF Þ such that A G Dr q i Z q i for the infinitely many distinct primes q i 's.
Case 1 for groups of type
In this case, for all G i in the local system K, the characteristic of the field over which G i is defined is p, for a fixed prime p. Let F be a finite subgroup of G which consists of semisimple elements of G, let L be the inverse image of F in the universal central extension T of G, that is, L=Z ¼ F where Z is the center of T where T is SLðV Þ, SpðV Þ, W G ðV Þ or SUðV Þ. Let m be the rank of G over the field k. Let r be an arbitrary positive integer. By [6, Theorem B. (e)], if m d 2rjF j 3 þ 4jF j, the natural module V contains a k½L-module U which is the direct sum of r isomorphic simple k½L-modules and is totally isotropic (resp. totally singular).
Let U ¼ U 1 l U 2 l Á Á Á l U r where U i 's are copies of a single k½L-module and U is totally isotropic or totally singular subspace of V . Since L consists of semisimple elements of the group G, by Maschke's Theorem [16, Corollary 1.6] , V is a completely reducible k½L-module and U ? ¼ U l W where W is also a k½L-module. Observe that the form on V induces a non-degenerate form on U ? =U. By decomposition of U ? the form induced on W is non-degenerate. Since each U i is an irreducible k½L-module, we have dim U i c jF j, hence dim U c jF jr.
In particular, if m is su‰ciently large, then dimðU ? =UÞ is su‰ciently large, that is, dim W is su‰ciently large. Let
where the W i 's are irreducible k½L-modules and
Also, Y is a direct sum of irreducible k½L-modules.
Since the U i 's are isomorphic irreducible k½L-modules, for each i; we may find a basis b i ¼ fu i1 ; . . . ; u ik g for U i and the action of each element g A L on the elements of the basis gives the same matrix representation, that is, if u i1 :g ¼ P k s¼1 a is u is , then u j1 :g ¼ P k s¼1 a is u js . As before in Theorem 1.11, we find that, for each g A L, the matrix representation consists of copies of the same matrix repeated r times in the first r components. Now, define the linear transformations on U which are induced from the action on SL r ðkÞ to U in the following way. The elements of SL r ðkÞ act on the block as in Theorem 1.11,
Observe that the action of SL r ðkÞ on U is by isometries of U as U is a totally isotropic (resp. totally singular) subspace of V . We may extend this action on U ? by acting trivially on W i . This action is also an action by isometries. Hence SL r ðkÞ act by isometries of U ? . Now, by the Witt Extension Theorem, we may extend the isometries of U ? to isometries of V . As in the proof of [6, Theorem B 
by the above argument, we can find SL p 1 ðkÞ in C G ðF Þ. Take an element g 1 of order p 1 and let Case 2 for groups of type B l , C l , D l , 2 A l , 2 D l . Since the characteristic of the field is a di¤erent prime p i for each G i , as we have observed before, every finite subgroup of G is K-semisimple. Let G ¼ fq i : i A Ng be the set of all primes that appear as characteristic of the fields and which do not divide the order of F .
We take F ¼ T 0 and choose n 1 d 2ðq 1 À 1ÞjF j 3 þ 4jF j to find SL q 1 ðk 1 Þ in C G 1 ðF Þ. By the same argument as in Case 1, we construct T i 's and A i 's. Here,
Proof of Corollary 1.4. We may assume that F c G 1 . If the factors are all alternating, then we are done by Theorem 2.1. So we may assume that all the factors are of classical type. Then by Theorem 1.2 there exists n 1 such that C G n 1 =N n 1 ðFN n 1 =N n 1 Þ contains an element of order p 1 . Since C G n 1 =N n 1 ðFN n 1 =N n 1 Þ G C G n 1 ðF ÞN n 1 =N n 1 , there exists an element r 1 of order p 1 in C G ðF Þ. There exists n 2 such that C G n 2 =N n 2 ðFN n 2 =N n 2 Þ contains an element of order p 2 and hence C G n 2 ðF Þ contains an element r 2 of order p 2 . Then continuing as above, for each p i we obtain an element r i of order p i in C G ðF Þ. r
Observe that the ''K-semisimple'' assumption is necessary as the groups constructed by Meierfrankenfeld in [11] are non-linear locally finite simple groups, but there are elements whose centralizers are p-groups for some fixed prime p. Since the irreducible modules in W ij and W i 0 j 0 are isomorphic if and only if i ¼ i 0 , we have that t is less than or equal to the number of non-isomorphic irreducible submodules of L i , hence t c jF j. Now, if we show that the number of non-abelian simple factors of the series of 0 t j¼1 CĜ G i ðL i Þj W ij ¼ Hom L i ðV i ; V i Þ is less than or equal to jF j, then the number of non-abelian composition factors of CĜ G i ðF Þ is bounded by jF j 2 . For let, W ij ¼ X i1 l Á Á Á l X ijðiÞ where each X ik is irreducible L i -submodule and X ik G X ijðiÞ where k A f1; . . . ; jðiÞg. Then 
